Abstract
Introduction
the ellipsoids were accurately measured using the laser scanner technique [23] . The authors analysed the 13 scattering attenuation loss and the velocity dispersion in the time domain of the signal. Apart from this study
14
(developed for rounded boulders in the GPR signal time domain), no research was specifically carried out in 15 the spectral domain of the GPR signal to assess the geometric characteristics of coarse-grained sharp 16 aggregates, such as the railway ballast aggregates.
17
In view of the above, this study presents a methodology based on the spectral analysis of GPR data collected 18 using a 2GHz horn antenna. A multi-stage process in terms of ballast grain size was developed. FDTD 19 numerical simulations and real tests were both performed to analyse the spectral behaviour of the collected
20
GPR signals. The data from these tests were used for modelling purpose. In this regard, information about 21 relevant geometric features of the railway ballast aggregates was found with respect to the shifting of the 22 frequency spectrum peak.
23
It is important to emphasize that the methodology aims at providing information of paramount importance 24 about the ballast grain size to the railway network operators. This information is crucial to reduce the railway 25 track-bed maintenance costs and to maintain proper operational safety conditions. The methodology could 26 found effective application in both quality control inspections of newly built infrastructures (i.e., to verify the 27 consistency between the "design" and the "as-built" condition of the aggregates grain size in the ballast and the subballast layers) as well as in routine maintenance operations (e.g., the monitoring of the segregation 1 processes of the ballast aggregates) in railway engineering. 
7
This paper focuses on the assessment of "critical" geometric features of the ballast aggregates within a railway 8 track-bed. To this purpose, spectral analyses of the 2GHz GPR data were performed in the frequency domain.
9
A bottom-up approach that used simulated and real data collected from laboratory experiments was followed.
10
FDTD simulations with the gprMax 2D numerical simulator [24] were firstly performed. In the first simulation 11 tests, simplified models of mono-sized ballast particles were taken into account. The diameters of the above 12 particles were progressively increased in the range of usage of the ballast aggregates for the construction of 13 railway track-beds. Single-and multi-particle scenarios were simulated and the corresponding frequency 
2
Real tests were subsequently carried out in the laboratory environment where three different scenarios of the 3 ballast aggregates arrangement were manufactured. Finally, the modelling of the frequency spectrum peak and 4 the equivalent diameter of the ballast aggregates was developed.
5
The remainder of this paper is organized as follows. In Section 3, the theoretical framework is introduced. In 6 this regard, comparisons between the working principles of analogous electrical and mechanical systems and 7 the "ballast-EM field" interaction (propagation and scattering phenomena of the EM waves within a railway 
16

Theoretical Framework
In order to investigate the propagation and the scattering of an EM wave through a dielectric medium such as 18 a ballast layer in a railway track-bed, a simplified "analogous" physical model, based on the circuit theory,
19
was proposed to approximate the real system.
20
It is known that the ballast particles hold an electrical conductivity  that is dependent on the mineralogy of 21 the source rock. Consequently, an EM wave that propagates through these dielectrics is expected to undergo electrical losses and attenuation. To this effect, a second order model can be used to represent a simple system 23 composed of one ballast grain to which an EM field is applied. This system was streamlined in the analogous 
4
The system is composed of an electromotive force E(t) applied to a circuit with one resistor R, one inductor L,
5
and one capacitor C, all of which are connected in series. According to the Kirchhoff's voltage law, a second 6 order differential equation, expressing the charge Q(t) that moves into the capacitor, can be derived as follows:
In case of negligible R, the natural pulsation of the system is given by:
10
When the resistor in no more negligible, the pulsation of the charge in the capacitor and the current in the 11 circuit become:
13
with F being the quality factor of the circuit that varies with the circuit physical characteristics. In this case, L
14
and C are responsible for storing and freeing the electric and magnetic fields, respectively, whereas R
15
represents the attenuation constant. In such a system, the energy continuously oscillates between the electric 16 and magnetic fields (and vice versa), while getting attenuated by the resistance. In the above framework it is thereby clarified the likeness with the "railway ballast/EM waves propagation" system, where the electric and 18 magnetic fields exchange energy rates each to one another and  represents the attenuation. 19
The above system can be also explained using a similar approach based on the classic mechanics. To that 20 effect, the case of the motion of a spring subject to a damping force was here taken into account, as represented 21 in Figure 3 . can be expressed by the following second order differential equation:
The pulsation  of such a system can be defined as follows:
9 with = √ / being the natural pulsation of the system in stationary conditions, and = / being the 10 damping factor. is the critical damping coefficient equal to 2√ . The solutions to Eq. (4) depend on the 11 relationship between c and ccr, and they highly influence the speed whereby the energy gets fully dissipated.
12
In both the above-discussed analogous systems, resonant phenomena are triggered when = . This
13
occurrence causes a substantial increase of the pulsation amplitude. In the case of systems with low resistance 14 values, this mechanism, although to a lesser extent, is still detectable.
15
Let us now consider a single ballast aggregate particle subject to the influence of an EM field pulsed around a 16 central frequency with a certain frequency bandwidth. According to the above simplification of the analogous electrical circuit, L and C depend on the geometric features of the single ballast particle, whereas R hinges on frequency belongs to the bandwidth of the EM pulse, it is therefore expected to observe an amplification of 1 the spectrum at that specific frequency.
2
In view of the above, the numerical simulation was used to investigate thoroughly the role exerted by L, C and 
5
Under ordinary conditions, it is likely to observe a frequency spectrum with an amplitude peak value at the 6 nominal central frequency. Nevertheless, in case the size and the dielectric properties of the ballast aggregate 7 particle define a resonance frequency that belongs to the working bandwidth of the system, it is likely to detect 8 the amplitude peak in the neighbourhood of this frequency. With regard to the above-mentioned case of the 9 analogous electrical circuit, it is expected to detect amplitude peaks at lower frequencies for larger particle diameters. This is related to the fact that the resonance frequency value depends on both L and C, hence, on 11 the grain size of the particle. 
18
In the case of particle diameters larger than 0.09 m, the frequency spectra showed peak values centered in the 
7
The results of the simulations are shown in Figure 6 . As in the case of the single-particle simulations, it was 8 observed a shift of the frequency spectrum peak as a function of the particle grain size. No resonance effects 9 were observed for these particle diameters, in accordance with the theoretical expectations. This was probably 10 due to the fact that nearly no energy was pulsed at lower frequencies than 1 GHz. 
Grading curve configuration 6
Real-life scenarios of multi-sized grain distributions were subsequently modelled and simulated using 7 reference ballast grading specifications given by the UK Network Rail [25] . In this regard, three grading curves for the GPR investigations made on the real ballast samples in the laboratory environment [27] . With regard 10 to the real sample, the domain was designed according to the beam of radiation of the used GPR system. This 11 allowed avoiding any noise contribution by edge effects, as it will be described later.
According to each of the above-set grain size curves, a number of multi-sized particles were generated by a 13 random numerical process. The particles were placed inside the domain boundaries using the random- 
10
In Figure 9 , the frequency spectra derived from the simulations with the above three grading curves are shown.
11
In accordance with the spectra trends from the simulations of the single-particle and the mono-sized multi-12 particle configurations, the results confirmed a shift of the central frequency of the emitted signal as a function 13 of the particle size. In particular, the frequency peak turned out to decrease from 2.80 GHz to 2.53 GHz, as the 
5
For the sake of comparison with the aggregate diameters Di of the single-particle and the mono-sized multi-6 particle simulations, the average value ̅ of the multi-sized particle diameters was identified for each of the 
13
The above parameter, assumed for the whole grain size distribution, was equal to 0.07 m. 
4
As it can be seen from the Figure 11 , the values of the frequency peak ranged between 1.20 GHz and 1.33
GHz. Thereby, it was proved that the peak shifted away from the 2GHz nominal frequency. Overall, the 6 spectral behaviour showed a shift towards lower frequencies. This was consistent with the larger average 7 dimension of the ballast aggregates. Moreover, the limited variation of the frequency peak value among the 8 three investigated scenarios proved a minor influence of the spatial distribution of the particles on the value of 9 the resonant frequency. This remark has validity when a multi-sized coarse-grained material (such as the 10 railway ballast aggregates used in the above laboratory tests) is considered.
12
Discussion
13
In accordance with the theoretical assumptions of Section 3, the spectral analyses derived from both the 14 simulation cases and the laboratory tests confirmed a shift of the frequency spectrum peak as a function of the 15 dimension of the aggregate particles. As far as the single-particle and mono-sized multi-particle configurations 16 are concerned, a decreasing trend of the peak of the frequency spectra for increasing values of the diameter found in the shape of the spectra, which were more irregular in the multi-particle case due to the scattering and 1 the surface effects. In addition, the range of applicability of the resonance method for the fixed bandwidth was 2 slightly different. It has varied from the 0.04 m ÷ 0.09 m range for the single-particle configuration ( Figure   3 5(a)), to the 0.04 m ÷ 0.08 m range for the mono-sized multi-particle configuration (Figure 6(a) ). Indeed, in 4 the multi-particle case, the maximum peak was still detected in a neighbourhood of ~ 2 GHz, although for D
5
= 0.09 m it was possible to notice a major amplitude peak at ~ 1.5 GHz.
6
Finally, a number of more complex simulations (i.e., sets of multi-sized aggregates derived from three 7 reference grading curves) and GPR laboratory tests (i.e., multi-sized real aggregates of ballast) were performed 8 on comparable test domains. Apart from the simulated and the real figures of the above tests, the main 9 difference was related to the size of the grains in the sample, which were smaller in the simulated case ( Figure   10 9) than in the laboratory tests (Figure 11 ). On the other hand, the common multi-sized particle distribution led 11 to define in both cases a (similar) reference geometric parameter to relate with the frequency spectrum peak.
12
Thereby, an average radius ̅ (for the simulations) and an equivalent diameter ′ (for the real tests) were set.
14
Experimental-based modelling
15
The modelling of the grain size of the ballast particles and the frequency spectrum peak of the collected GPR
16
signal was developed to provide a relationship between these two parameters within the allowed frequency 17 bandwidth bounds. To that effect, Figure 12 shows the negative exponential relationship found using the data 18 from the single-grain and the mono-sized multi-grain simulations:
where is the frequency of the spectrum peak, D* is the aggregate diameter, and [, ] are fitting parameters 21 dependent on the specific configuration. The mean squares fitting curves were characterised by high correlation coefficients R 2 , as listed in Table 1 .
20
1 Figure 12 . Exponential trend lines fitting the frequency peak against the grain size data collected for the 2 single-particle (circular markers) and the mono-sized multi-particle (triangular markers) configurations.
3 4 Table 1 . Regression coefficients in Equation (7). 
6
To analyse the applicability of the above relationship over the multi-particle arrangement of ballast particles 7 with multi-sized grading (i.e., the real-life like condition), let us now express Eq. (7) as a function of D*:
Working out i) the regression coefficients α and β found by the mono-sized multi-particle simulations (Table   10 1) and ii) the frequency peak values computed for the three grain size distributions in Section 4.3 (Figure 8) 
11
into Eq. (8), it was possible to define a characteristic diameter D* for each multi-sized grain distribution, as between ̅ and D* are greater than 25% (worst case). This might be due to the different shifting trend of the 8 frequency spectrum peak observed in the multi-sized particle scenarios (Figure 9 ), compared to the case of 9 mono-sized particle arrangements ( Figure 6 ). More complex scenarios in terms of multi-sized grading 10 provided a narrower range of variation for the frequency spectrum peak.
Following the same approach with the real GPR data collected from the laboratory tests, it was possible to Table 3 . In this case, it is worth noting that the value of the 14 equivalent diameter D' was a constant, since the same aggregates were used for manufacturing the three 15 scenarios of ballast particles arrangement. 
20
The elliptical approximation used for the assessment of D' showed better performances, with percentage errors 
16
properties consistent with literature references. Afterwards, the numerical scenario was rendered more 17 complex by using multi-sized particles under compaction conditions close to reality. To that effect, reference 18 ballast grading specifications given by a railway network operator were taken into account and the random-
19
sequential adsorption (RSA) paradigm was applied in combination with the FDTD technique. Overall, the 20 spectral analyses from both the simulation cases and the laboratory tests confirmed a shift of the frequency 21 spectrum peak as a function of the dimensions of the aggregate particles, as it was expected by the theoretical assumptions. In this regard, it was proved a decreasing trend of the peak of the frequency spectrum as the value
23
of the diameter increased in the 0.04÷0.09 m range. The simulations from the simplified mono-sized multi-
24
particle scenarios turned out to provide more irregular shapes of the frequency spectra than the single-particle
25
simulations. In addition, the range of applicability of the resonance method was proved to be slightly different 26 among the single and the multi-particle simulations. This was likely due to the scattering and the surface effects 1 aggregates) representative of the grain size distributions of the ballast were set using a circular and an elliptical 2 approximation of the aggregates shape, respectively. Hence, experimental relationships between the aggregate 3 diameter and the peak of the frequency spectrum were found from the results of the single-and multi-particle 4 simulations. The modelling of the multi-particle simulation scenarios was used to underpin the proposed 5 theoretical assumptions and to infer information about the grain size of the ballast aggregates from the real-6 scale simulations and the laboratory (actual) GPR tests. Overall, the experimental model tended to 7 underestimate the computed equivalent diameter. In addition, the elliptic approximation used for the shape of 
